This paper presents and validates a physics-based, dynamic model of a gas turbine. The model is an extension of that proposed by Badmus et al. [1] , such that representation of a complete gas turbine is achieved. It includes new models of several gas turbine components, in particular the turbine and compressor, and also applies a well known method for prescribing boundary conditions [10] to the gas path.
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INTRODUCTION
Improving the dynamic response of gas turbines remains an important challenge. Vehicle agility, emissions and fuel consumption are priorities for land, sea and air vehicles. For power generation, there is the growing opportunity of achieving a low emission, integrated power network in which gas turbines compensate for the intermittency of renewables. The dynamic response of gas turbines is constrained by several factors, in particular material limits, thermal and rotational inertias, and the need to avoid compressor stall and surge. Modelling such aspects of gas turbine behaviour can lead to control systems that move closer to optimising transient response.
The literature on the dynamic modelling of gas turbines is substantial. Sanghi et al. [11] appear to have undertaken the most recent review of the field, and the reader is directed to this work for a detailed discussion of the numerous approaches in the literature. Broadly speaking, dynamic gas turbine models can be classified as either phenomenological (e.g. [3, 7, 11] ) or physicsbased (e.g. [4, 6, 11] ). Phenomenological approaches generate mathematical models of gas turbine sub-systems from experimental data, often requiring little or no consideration of the underlying physics. Such models are commonly used for compressor modelling in particular. In contrast, physics-based models FIGURE 1. GTAC SCHEMATIC AND INSTRUMENTATION start from physical principles, then perform system identification techniques for model calibration. The relative merits and drawbacks of these two approaches are well-known [11] .
Physics-based models are most commonly based on either an inter-component volume approach, e.g. [4, 11] , or a finite difference/volume approximation of the conservation equations. Inter-component volume approaches treat component characteristics as quasi-steady and model mass and energy accumulation in lumped volumes between the components. In contrast, this paper follows the finite-difference formulation by Badmus et al. [1] . The primary benefit of this approach is that the governing equations are in a suitable form for separating the different time scales in the overall system. This, in turn, is intended to enable a systematic and physically justified means of reducing the order of the overall gas turbine model in a later work. This paper commences from the formulation of Badmus et al. [1] . It then proposes new or extended component models that enable modelling of a complete gas turbine, and applies this to the Gas Turbine Air Compressor (GTAC) prototype detailed in [12] . System identification is then performed using a static model presented earlier by the authors [12] , together with experimental identification of the shaft dynamics and thermal inertias. The full gas turbine model is then validated, and system dynamics of particular interest are discussed.
EXPERIMENTAL AND NUMERICAL METHODS Experimental rig
The locations and types of sensors used for transient system identification and model validation are shown in Fig. 1 . A full description of these sensors, including the thermocouple compensation technique employed, is published in Wiese et al. [12] . This investigation uses two control inputs: the mass flow rate of propane into the combustion chamberṁ f , actuated by a Burkert 154544 proportional solenoid valve, and bleed flow rateṁ bl , actuated by an electronic throttle body. Control of these actuators is provided by two independent PI controllers.
Numerical solution
Transient simulations in later sections are implemented in the SIMULINK simulation environment. A variable-step implicit solver designed for stiff problems, 'ode15s', is chosen as the time-stepping algorithm.
MODELLING

Modelling framework
Badmus et al. [2] begin with one-dimensional conservation equations in the form
where f s , f w and Q represent the forcing terms due to body forces, friction and heat transfer respectively. The model assumes a calorically perfect working fluid of constant composition, with an entropy of zero at the reference temperature (T ) and pressure (p). These equations are recast in terms of the nondimensional parameters listed in the nomenclature, wheret is the reference time scale
where
and Ξ, ϒ and ξ are matrices of influence coefficients as derived in [2] . To convert Equations (4) to ordinary differential equations for simulation, the total simulation domain is divided on a component-by-component basis. Figure 2 shows the components that comprise the GTAC transient simulation model. Simulation element boundaries are based on the steady-state model characteristics identified in [12] .
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FIGURE 2. GTAC TRANSIENT SIMULATION LAYOUT
The non-dimensional equations for each gas path component are:
where subscripts (k − 1) and k indicate the upstream and downstream interfaces of an element respectively. M k ,p t,k−1 ands k−1 are treated as inputs to a given element, as are the effect of time varying area and the source termsQ,f s andf w . In [1, 2] , it was assumed that source terms only depend on the flow variables, system geometry and external inputs. To identify the unknown forcing terms, [1, 2] defined three new functions
At steady-state, the map functions κ 1 , κ 2 , and κ 3 must satisfy
Therefore, steady-state characteristic data is used to calibrate these mapping functions for the chosen application. Derivations of κ 1 , κ 2 and κ 3 specific to components of the GTAC prototype are presented later in this paper.
Gas Path Boundary Conditions
The intake boundary conditions for the GTAC simulation are specified p t,1 and T t,1 , and are applied directly through the element inputsp t,1 ands 1 .
The exhaust boundary condition requires M 10 as a function of a prescribed p 10 . Whilst a functional relationship between p and M is proposed by Badmus et al. in [2] , this equation breaks down in some cases where low Mach number and noise combine to produce the non-physical solutions. To avoid this, a termination element is derived which uses the Local One-Dimensional Inviscid (LODI) boundary condition system presented by Poinsot and Lele [10] . Non-dimensionalising the LODI boundary model in the same way as the conservation equations, the exhaust boundary becomes
Duct Models
Adiabatic, isentropic ducts (AID) Elements of this type represent components with negligible pressure losses, heat transfer or heat generation. Such elements are covered comprehensively in [1, 2] and are reused without revision.
Sudden area change (SAC)
The entrance to the combustion chamber is treated as adiabatic, but includes a change in cross-sectional area over a short axial distance, resulting in a significant pressure drop. Using the model inferred function for the cold (viscous) combustor pressure drop from [12] , the three equations that must be satisfied at steady-state arė
Non-dimensionalising these equations leads to three equations
where the iterative solution of Equation (14) for M k−1 can be precomputed and stored in a lookup table. If c pd ,Ã k andÃ k−1 are both constant and known a priori, the table is one-dimensional
where the input is
Combining (17) with (15) and (16) results in the steady-state map functions
Equations (14), (15) and (16) are in contrast to the results obtained in [1] , where (12) is replaced by the assumption that the element's inlet and exit static pressures are equal.
Compressor Model (COMP)
The compressor component of the GTAC is represented as a single simulation element, and in contrast with Badmus et al. [9] , allows temperature and Mach number change across the compressor blading. The equations for the steady-state behaviour of a compressor are Equation (11),
The definition of the corrected compressor mass flow is used to obtain the functioṅ
and assuming that steady-state characteristics for the compressor stagnation pressure ratio r p,c and isentropic efficiency η c are available as functions ofṁ c,corr and N c,corr , where N c,corr can be expressed as a function of inputs to the compressor element
an iterative solution forṁ c,corr can be obtained as a function of known inputs. Furthermore,
which can be used to obtain the steady-state M k−1 value necessary for the simulation. Solutions for M k−1 are computed offline and stored in a two-dimensional lookup
Once the value for M k−1 , and subsequently,ṁ c,corr , has been obtained, it can be used in the steady-state characteristic maps to calculate r p,c and η c respectively, theñ
and the required map functions are
Bleed Element Model (BE)
Representing the bleed line in Fig. 1 as a series of gas path elements was found to be impractical, due to the convergence time issues inherent in compressible flow solvers at low Mach numbers. The downstream bleed flow elements are therefore removed, and the flow split element is derived translating throttle valve angle and atmospheric static pressure to an exit Mach number. At steady-statep
where i , o , and b correspond to the inlet, main outlet and bleed outlet positions respectively, and a * denotes a state on the upstream side of the valve. The equations representing valve flow rate are taken from Hendricks et al. [5] ,
whereṁ at1 , θ 1 , θ 2 , p 1 and p 2 are fitting constants.
Non-dimensionalising equations (33)-(35), leads to a function for M i
where the only other unknown is M * b . Equation (36) can be nondimensionalised to produce
Substituting this function into Equation (39), a function for M i is obtained in terms of known inputs to the block. Solutions of (40) for M * b , and subsequently M i , can be stored in a lookup with two inputs
Due to the quasi-steady assumption, the outputs from this element are governed by (33), (34) and (41).
Non-Adiabatic Elements Variable area heat transfer (VAHT)
In the steadystate analysis [12] , the convergent section of the combustion chamber was modelled including heat transfer and/or combustion through a spatially varying cross-sectional area. While expressions exist for steady-state conservation of mass (Equation (11)) and energyṁ
across such an element, the third equation required to determine the change in M,p t , ands across the element cannot be obtained without integration of the pressure at all points along the wall surface. It is known that an ideal gas in non-adiabatic flow undergoes a change in stagnation pressure, so one possibility for the final equation is
where the ∆p hot is a static map of the hot pressure loss as a function the states of the element and the heat transfer. Assuming the flow of gas is in one-direction for all operating conditions, the non-dimensional combination of Equations (11), (42) and (43) is
This general case leads to an iterative solution for M k−1 , where Q net and ∆p hot may be functions of M k−1 . The modelling work in [12] showed that the combustor convergence can be treated as a special case where Q net is independent of M k−1 . Furthermore, [12] explained that ∆p hot is effectively zero, therefore, this element can utilise the same lookup table created for adiabatic frictionless ducts, with an index specific to this element,
From this, steady-state map functions are implemented as
Constant area heat transfer (CAHT) For constant cross-sectional area, Equation (4) simplifies to
Integration of Equation (51) leads to the steady-state equations
where Q net is as defined by Equation (45). Solutions of Equation (52) for M k−1 can be precalculated and stored as a twodimensional lookup table
The corresponding map functions for this element are
Heat transfer wall elements Here, the wall temperature is governed by a lumped parameter model, assuming radiation and convective heat transfer with both the hot gas and the ambient air, and negligible conduction effects
Turbine (TURB)
The turbine is represented as a single element. At steadystate the governing equations are (11),
where Equation (63) are the unchoked and choked turbine flow models presented in Moraal and Kolmanovsky's paper [8] respectively, Equation (64) is the exit stagnation temperature following non-adiabatic expansion as derived in [12] , and
Non-dimensionalisation of Equations (11), (63) and (64) leads to 
where η turb is a polynomial in N turb and blade speed ratio, as in [8] . The definition of corrected turbine speed follows the same form as (25), consequently, Equation (66) is a function for r p,turb in terms of known inputs. Solutions can be precalculated and stored in the lookup table
The solution for r p,turb can be used in Equation (63) to calculateṁ turb,corr , and subsequently
The iterative solution of Equation (68) can be found in the lookup table function for adiabatic, isentropic ducts
using a turbine specific index c 4,TURB = T re f ,turbṁturb,corr
Then, the resulting map functions are
Shaft
The shaft dynamics use Newton's second law
where τ turb and τ c are the turbine and compressor torques, and J is the moment of inertia of the rotating components. Both components are treated as quasi-steady for the purposes of torque calculation. This leads to a similar result to [1] for the compressor. The turbine torque includes the effect of heat transfer and combustion and this needs to be added
Combining these equations into Equation (74) is used for notational simplicity rather than physical signficance.
System Identification
The shaft inertia, J and the lumped heat capacitanceC p of the combustor convergence, turbine and exhaust pipe are the only remaining unknowns. The terms J,C p,conv andC p,turb are determined by minimising the error between experimentally measured and simulated p 5 traces following a step change inṁ f . To remove the influence of steady-state error, the traces are normalised
where p 5,init and p 5, f inal are the steady-state values of p 5 before and after the step change inṁ f .
RESULTS AND DISCUSSION
Shaft, convergent section and turbine thermal inertias Table 1 lists the results of the system identification using two measured traces (Fig. 3) . The simulated traces demonstrate good agreement with the experimental trace during the transient, and the inertia values are close to physically sensible estimates.
The net torque applied to the shaft and the net heat transfer to the convergence and turbine housing during the step increase iṅ m f are plotted in Fig 4. Figure 4 indicates that the shaft dynamics are significant for a few seconds only. Thermal storage dynamics are shown to be significant for the remainder of the response, taking orders of magnitude longer to equilibrate than the shaft dynamics.
Transient experimental results and model validation
The representative validation cases presented here involve the GTAC undergoing step changes in both the fuel and bleed valve positions, as an open-loop approximation to a change in bled mass flow rate at constant delivery pressure (Fig. 5) . Some steady-state error is present, resulting from model parameters identified in [12] , while comparison of the transient behaviour shows good agreement. In both traces, the experimental response is shown to have nearly equal pressures before and after the transient with deviation from the desired pressure during the transient. The rig responds to the change in demand in the order of seconds, with the duration of the deviation corresponding to the time scale previously associated with the inertial effects of heat storage. This is of particular interest for future controller design, as a controller may be able to compensate for this effect.
CONCLUSIONS
This paper presented and validated a physics-based, dynamic model of a gas turbine. The model was an extension of that proposed by Badmus et al. [1] , such that representation of a complete gas turbine was achieved. It included new models of several gas turbine components, in particular for variable area heat transfer, the turbine and a flow split with an incorporated valve. More general forms for the compressor and sudden area change were also derived. Finally, a well known method for prescribing boundary conditions [10] to the gas path was implemented.
The dynamic model was then validated using experimental data from a so-called 'Gas Turbine Air Compressor (GTAC)' prototype unit. A least-squares optimisation was first undertaken to estimate the inertia of the shaft and the thermal storage in the solid volumes. This analysis showed that the shaft dynamics were only significant for a short period at the start of the tran- The complete model was then compared to other transient experimental traces. Whilst all of the simulated traces demonstrated some steady-state error associated with the static model of the same device [12] , the relevant dynamics appeared to be captured well. Since steady-state error can be integrated out in a control system, this suggests that the proposed dynamic model is appropriate for use in a model-based, gas turbine controller. Of course, further experimentation is required to determine whether this model is applicable to larger gas turbines and whether thermal storage effects remain significant.
